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■ Abstract 

' We show by symplectically realizing the one spatial Aristotle Lie group 

f"^) , that the hamiltonian of the associated elementary system consist of a 

gravitational potential energy only.No kinetic term. 

o 

O ■ 1 One spatial Aristotle Lie group A 

O j. We know that the Aristotle Lie group yQ A(n),l ^ n ^ 3 also called static 

^ | group [2], is the space-time transformations group 

a# = JZjsg + = to +t (1) 

The multiplication law for this group is 

(t, z', i^X*', x' fe , i?f ) = (t + t', R\x' k + x\R} k Rf) (2) 

sees that the Aristotle Lie group A(n) is a direct product of the euclidean 
Lie group E(n) and the time translation group. In this paper we interest us on 
the one spatial dimensional Lie group that we will simply denote by Alt is the 
one dimensional space-time translation Lie group. Its multiplication law is 

(t,h)(t',ti) = (t + t',h + ti) (3) 

It is an abelian additive group . The central extension Q of its Lie algebra is 
generated by P, E and M such that the non trivial Lie brackets are [3] 

[P,E]=gM (4) 

g being a constant whose the physical interpretation will be given below. If the 
general element of the connected Lie group G generated by P, E and M is 
written as exp(t;AI)exp(xP + tE) , then the multiplication law for G is |3] 

(£, t, h)(£', t', ti) = (£ + £' + ght', t + t',h + ti) (5) 
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2 Coadjoint orbit of A 

If we denote by Q* the dual of Q and if the duality is defined by 

< (m, e,p), (<$£, St, Sx >— mS^ + eSt + pSx (6) 
we find that the coadjoint action of the Aristotle Lie on Q* is 

Ad *t,h) ( m > e > P) = ( m > e - m 9 h , P + mgt) (7) 

The coadjoint orbit is then characterized by the invaraint m.Let us denote it by 
O .From (J1J one verify that the symplectic form on O is 

cr = dp A dq (8) 

where q = — ^ and that the canonical action of the Aristotle Lie group is then 

<t>(t,h) (p, q) = (p + ™>gt, q + h) (9) 

The Aristotelian Lie algebra is then represented on O by the hamiltonian vector 
fields 

d d 
MP) = ~dq~ ]ME) = ~ m9 dp~ (10) 

One then can verify that the comomentum 4 A : A — ► C°°(0, 5ft) is such that 

\(E) = -mgq-\(P)=p (11) 

If we interpret g as the gravitational acceleration, then by (0 one can verify 
that the physical dimension for £ is L 2 T~ X where L and T are respectively 
the symbols for length and time. Moreover, if the physical dimension of iJBJ is 
that of an action (ML 2 T _1 ) , then the physical dimensions for m, e and p are 
respectively mass , energy and linear momentum . From ^ one sees that the 
evolution law is given by 

<P(t,o) (P(0), 9(0)) = (p(0) + mgt, q(0)) (12) 

and that the generator of time translations is then represented by the dynamical 
vector field 

d d 

XH =di~ m9 dp (13) 
from which one can verify that the hamiltonian is 

H = mgq (14) 

We recognize in it the gravitational potential energy .From <|13|) one sees that 
the orbit is a static elementary particle of mass m , linear momentum p in the 
potential V = mgq [S]. 
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